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Here, it is shown that every vector ﬁeld on a Finsler space which keeps geodesic circles
invariant is conformal. A necessary and suﬃcient condition for a vector ﬁeld to keep
geodesic circles invariant, known as concircular vector ﬁelds, is obtained. This leads to
a signiﬁcant deﬁnition of concircular vector ﬁelds on a Finsler space. Finally, complete
Finsler spaces admitting a special conformal vector ﬁeld are classiﬁed.
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1. Introduction
The concept of circles in Riemannian geometry, as a one-dimensional extrinsic spheres are considered under the name of
geodesic circles, by Lie, Darboux, Blaschke and Yano cf. [9]. More precisely a geodesic circle is a smooth curve with constant
curvature and vanishing torsion. Recently one of the present authors in a joint work with Shen has extended the notion of
a circle into the Finslerian geometry and studied circle-preserving transformations on Finsler spaces, cf. [4].
In Riemannian Geometry the conformal transformations which keep geodesic circles invariant are known as “concircular”
transformations. The vector ﬁelds generated by these transformations as local ﬂow, are called “concircular vector ﬁelds”. In
fact existence of such a vector ﬁeld on a manifold M is equivalent to existence of solution of certain second order differential
equations. Circle-preserving vector ﬁelds, without being investigated under this name, are source of many essential results
in Riemannian geometry in large. We just recall here some of more signiﬁcant results relating to our point of view. For
instance, a global classiﬁcation of a Riemannian manifold M , admitting such a vector ﬁeld asserts that M is spherical,
Euclidean or product space, cf. [11]. It has been also shown that “On an Einstein space M , every conformal vector ﬁeld
is concircular” furthermore by completeness assumption M becomes a spherical space, cf. [14]. There are also many other
results due to Kobayashi, Obata, Tanno, Yano etc., not to be mentioned here.
In Physics, the concept of concircular vector ﬁelds are equivalent to the notion of “conformal Ricci collineation” cf. [8].
In Finsler geometry, in absence of a signiﬁcant deﬁnition for concircular vector ﬁelds, this notion has not been yet
adequately progressed. It should be remarked that deﬁnition of concircular vector ﬁelds have been extended to Finsler
geometry in [7,12] etc., using some similarities with the related differential equations in Riemannian geometry without
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is due to Ishihara. He has concretely studied these vector ﬁelds, by requiring the fact that, the Lie derivative of equation of
geodesic circles in direction of these vector ﬁelds, should vanish, cf. [6].
Here, by inspiring Ishihara’s work, in a natural way, we consider the local ﬂows of the vector ﬁelds on a Finsler space
who keep geodesic circles invariant. More intuitively, the Lie derivative along these ﬂows should leave invariant differential
equation of geodesic circles. Traditionally, a concircular vector ﬁeld is deﬁned to be a conformal vector ﬁeld which preserves
geodesic circles. We show also that in the deﬁnition of concircular vector ﬁelds, a` priori, the conformal assumption is not
necessary, that is to say, if a vector ﬁeld preserves geodesic circles then it is conformal. More intuitively we prove the
following theorem.
Theorem 1. Let (M, g) be an n-dimensional Finsler manifold. If the vector ﬁeld V on M keeps geodesic circles invariant, then it is
conformal.
Next, a necessary and suﬃcient condition for a vector ﬁeld to be concircular on a Finsler manifold is obtained and based
on its geometric signiﬁcance a deﬁnition for concircular vector ﬁelds is introduced. More precisely, a vector ﬁeld V on a
Finsler manifold (M, g) is said to be conformal if there is a scalar function ρ on M such that the Lie derivative of g(x, y)
satisﬁes LVˆ g = 2ρ(x)g , where Vˆ is the complete lift of V on TM, cf. [1]. If ρ is constant then V is said to be homothetic
and if ρ is identically zero then V is called an inﬁnitesimal isometry or a Killing vector ﬁeld.
We prove:
Theorem 2. Let (M, g) be a Finsler manifold. Then a conformal vector ﬁeld on M keeps geodesic circles invariant, if and only if
∇ρ + g(G, ∇˙ρ) = φg, (1.1)
where, ∇ and ∇˙ are the Cartan horizontal and vertical covariant derivatives respectively and G := (Gij) are the coeﬃcients of non-
linear connection.
This theorem gives rise to the following natural deﬁnition of concircular vector ﬁelds on Finsler manifolds.
Deﬁnition 1. Let (M, g) be a Finsler manifold. A vector ﬁeld V = vi(x) ∂
∂xi
on M is said to be concircular if
LVˆ g = 2ρg and ∇ρ + g(G, ∇˙ρ) = φg
where, Vˆ is the complete lift of V .
In a local coordinate system Eq. (1.1) is written in the following form
∇kρl + G jk∇˙ jρl = φgkl.
Comparing this deﬁnition with that obtained by [6] in Riemannian geometry, the additional second term appearing in the
latter equation, vanishes in Riemannian case. Finally using a result in [2] we obtain the following classiﬁcation theorem for
Finsler manifolds admitting a special conformal vector ﬁeld, namely C-concircular vector ﬁeld.
Theorem 3. Let (M, g) be a connected complete Finsler manifold of dimension n  2. If M admits a non-trivial C-concircular vector
ﬁeld, then it is conformal to one of the following spaces.
(a) A direct product J × M¯ of an open interval J of the real line and an (n − 1)-dimensional complete Finsler manifold.
(b) An n-dimensional Euclidean space.
(c) An n-dimensional unit sphere in a Euclidean space.
Moreover, the above classiﬁcation theorem is true for concurrent vector ﬁelds.
2. Preliminaries and notations
Let M be a real n-dimensional manifold of class C∞ . We denote by TM its tangent bundle and π : TM0 → M , ﬁber bundle
of non-zero tangent vectors.
A Finsler structure on M is a function F : TM → [0,∞), with the following properties: (I) F is differentiable (C∞) on TM0;
(II) F is positively homogeneous of degree one in y, that is F (x, λy) = λF (x, y), ∀λ > 0, where (x, y) is an element of TM;
(III) The Hessian matrix of F 2, (gij) = (1/2[ ∂2∂ yi∂ y j F 2]), is positive deﬁnite on TM0. A Finsler manifold is a pair consisting of
a differentiable manifold M and a Finsler structure F on M . Here and everywhere in this paper the indices i, j, . . . ,a,b, . . .
run over the rang 1, . . . ,n.
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i
j = ∂G
i
∂ y j
and Gi = 1/4gih( ∂2 F 2
∂ yh∂x j
y j − ∂ F 2
∂xh
).
By means of this non-linear connection tangent space can be split into the horizontal and vertical subspaces with the
corresponding bases { δ
δxi
, ∂
∂ yi
}, which are related to the typical bases of TM, { ∂
∂xi
, ∂
∂ yi
}, by δ
δxi
:= ∂
∂xi
− G ji ∂∂ y j . The dual bases
are denoted by {dxi, δyi}, where δyi := dyi + Gij dx j . The coeﬃcients of horizontal and vertical covariant derivatives with
respect to the Cartan connection are denoted by Γ ijk = 1/2gih(δ j ghk + δk g jh − δh g jk) and Cijk = 1/2gih ∂˙h g jk , where δk = δδxk
and ∂˙k = ∂∂ yk . The 1-form of Cartan connection in these bases is given by ωij = Γ ijk dxk + Cijk δyk . Rewriting ωij with respect
to the bases { ∂
∂xi
, ∂
∂ yi
} with dual bases {dxi,dyi}, we have ωij =
∗
Γ ijk dx
k + Cijk dyk , where
∗
Γ ijk = Γ ijk + GakC iaj . By homogeneity,
we have ykΓ ijk = Gij , and y jGij = 2Gi , cf. [3,10]. Cartan connection is metric compatible, that is, ∇l g jk = 0 and ∇˙l g jk = 0.
The components of Cartan horizontal and vertical covariant derivatives of a tensor ﬁeld S with the components (Sijk(x, y))
on TM are respectively given as follows
∇l S ijk := δl S ijk − SiakΓ ajl − SijaΓ akl + SajkΓ ial, (2.1)
∇˙l S ijk := ∂˙l S ijk − SiakCajl − SijaCakl + SajkC ial, (2.2)
where ∇l := ∇ δ
δxl
and ∇˙l = ∇ ∂
∂ yl
. The Cartan covariant derivative of a vector ﬁeld X along the curve c is given by
δ
dt
Xi = dX
i
dt
+ (Γ ikh + CiksNsh)Xk dx
h
dt
. (2.3)
3. Lie derivative on Finsler manifolds
In this section we shall endeavor to present an introduction to the theory of Lie derivative needed for our propose in
Finsler geometry.
Let V = vi∂i be a vector ﬁeld on M . If {ϕt} is the local 1-parameter group of M generated by V , then it induces
an inﬁnitesimal point transformation on M deﬁned by ϕ∗t (xi) := x¯i , where x¯i = xi + vi(x)t . This is naturally extended to
a point transformation on the tangent bundle TM called extended point transformation. If we denote the extended point
transformation by ϕ˜t then it is deﬁned by ϕ˜∗t (xi, yi) := (x¯i, y¯i), where
x¯i = xi + vi(x)t, y¯i = yi + (∂mvi)ymt. (3.1)
It can be shown that, {ϕ˜t} induces a vector ﬁeld Vˆ = vi(x)∂i + y j(∂ j vi)∂˙i on TM called the complete lift of V , cf. [5], see
also [13].
The Lie derivative of an arbitrary geometric object Υ I (x, y) on TM, where I is a mixed multi-index, with respect to the
complete lift Vˆ of a vector ﬁeld V = vi(x)∂i on M , is deﬁned by
LVˆΥ I = limt→0
ϕ˜∗t (Υ I ) − Υ I
t
,
where ϕ˜∗t (Υ I ) is the deformation of Υ I (x, y) under the extended point transformation (3.1). Whenever the geometric object
Υ I is a tensor ﬁeld, ϕ˜∗t (Υ I ) coincides with the classical notion of pullback of Υ I (x, y).
In the local coordinates (xi, yi) on TM, the Lie derivative of an arbitrary mixed tensor ﬁeld T with the components
T ijk(x, y) on π
∗TM is given by
LVˆ T ijk = Vˆ
(
T ijk
)+ (∂ j va)T iak + (∂kva)T ija − (∂avi)T ajk
= vm∇mT ijk + ym
(∇mvl)(∂˙l T ijk)− Tmjk∇mvi + T imk∇ j vm + T ijm∇kvm. (3.2)
The Lie derivative of the Finsler metric tensor g(x, y) is given by
LVˆ gi j = ∇i v j + ∇ j vi + 2ym
(∇mvl)Cli j . (3.3)
Similar to the classical method used in [13] for computing Lie derivative of coeﬃcients Γ ijk , we get Lie derivative of the
Cartan connection Γ ijk as follows
LVˆΓ ijk = ∇ j∇kvi + Rijkmvm +
(
∂˙lΓ
i
jk
)(∇mvl)ym, (3.4)
where Rijkm are the coeﬃcients of Cartan hh-curvature tensor. We have also the following interchange formulas
∇l
(LVˆ T ijk)−LVˆ (∇l T ijk)= −Tmjk(LVˆΓ iml)+ T imk(LVˆΓ mjl )+ T ijm(LVˆΓ mlk )+ (∂˙mT ijk)(LVˆΓ mnl )yn, (3.5)
∂˙l
(LVˆ T ijk)−LVˆ (∂˙l T ijk)= 0. (3.6)
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Using (3.5) for fundamental tensors we can compute Lie derivative of spray, non-linear connection and Cartan horizontal
covariant derivative coeﬃcients, with respect to gij as follows
∇l(LVˆ g jk) −LVˆ (∇l g jk) = gik
(LVˆΓ ijl)+ gij(LVˆΓ ilk)+ 2Cijk(LVˆΓ iml)ym.
Considering metric compatibility of Cartan connection, with the fact that LVˆ ym = 0, the Lie derivative LVˆ Γ ijl can be ob-
tained by computing the terms ∇l(LVˆ g jk) + ∇ j(LVˆ glk) − ∇k(LVˆ g jl) and replacing them in the above equation as follows1
LVˆΓ il j = 1/2gik
{∇l(LVˆ g jk) + ∇ j(LVˆ glk) − ∇k(LVˆ g jl)}+ gikCmjlLVˆ Gmk − CimlLVˆ Gmj − CimjLVˆ Gml . (3.7)
Contracting with y j and y j yl we obtain
LVˆ Gil = 1/2gik y j
{∇l(LVˆ g jk) + ∇ j(LVˆ glk) − ∇k(LVˆ g jl)}− 2Ciml(LVˆ Gm), (3.8)
LVˆ Gi = 1/2gik
(∇0(LVˆ yk) − F∇k(LVˆ F )). (3.9)
Substituting (3.9) in (3.8), computing LVˆ (Gil ) and replacing the result in (3.7), after some simpliﬁcations we obtain
LVˆΓ il j = 1/2gik
(
Nljk + Csjl yrNkrs
)− 1/2gim yr(CsmlN jrs + CsmjNlrs)
+ grs[CimlCmrj + CimjCmrl − CimrCmjl ][∇0(LVˆ ys) − F∇s(LVˆ F )], (3.10)
where we have put Nljk := ∇l(LVˆ g jk) + ∇ j(LVˆ glk) − ∇k(LVˆ glj).
4. Some conformal vector ﬁelds on Finsler spaces
4.1. Conformal vector ﬁelds
Let (M, g) be a Finsler manifold. In this section we use deﬁnition of conformal vector ﬁelds on Finsler spaces and derive
some formulas which will be used in the sequel. For a conformal vector ﬁeld V on (M, g) the following equations hold well
LVˆ F = ρ F , LVˆ yi = 0, LVˆ yi = 2ρ yi . (4.1)
LVˆ Ci jk = 2ρCijk, LVˆ C ijk = 0. (4.2)
Substituting Eq. (4.1) in (3.9) we obtain
LVˆ Gi = 1/2gik
(
2yk y
l∇lρ − F 2∇kρ
)= Bikρk,
where Bik = 1/2F 2(2ik − gik). Using which, by virtue of (3.8) we ﬁnd
LVˆ Gil =
(
δil y
kρk + yiρl − ρ i yl
)+ F 2ρmCiml = ∂B
ik
∂ yl
ρk. (4.3)
In fact ∂ g
ik
∂ yl
= −2gkmCiml , partial vertical derivative of Bik leads to
∂Bik
∂ yl
= (δil yk + δkl yi − gik yl)+ F 2gkmCiml.
For coeﬃcients of Cartan h-covariant derivative we have
LVˆΓ ijl =
(
δijρl + δilρ j − ρ i g jl
)+ y jC islρs + ylC isjρs − yrC ijlρr − yiCtjlρt − F 2ρr(CslrC isj + CsjrC isl − CsjlC irs). (4.4)
1 Similar relation can be found in [1, p. 84].
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We recall the deﬁnition of a circle in a Finsler manifold, cf. [4].
Deﬁnition 2. Let (M, g) be a Finsler manifold of class C∞ . A smooth curve c : I ⊂ R→ M parameterized by arc length s is
called a circle on M if there is a unitary vector ﬁeld Y = Y (s) along c and a positive constant k such that
∇c′c′ = kY , ∇c′Y = −kc′,
where, c′ := dc/ds is the unitary tangent vector ﬁeld at each point c(s). The number 1/k is called the radius of the circle.
A geodesic circle is deﬁned as a smooth curve c : I → M for which the ﬁrst curvature κ1, is constant and the second cur-
vature κ2, vanishes identically in Frenet equations, that is,
dκl
ds = 0 and κ2 = 0. Using Frenet equations on Finsler geometry,
one can easily ﬁnd κ1 = gkl δ2xkds2 δ
2xl
ds2
, where δds represents the Cartan covariant derivative along the curve. These deﬁnitions
lead to the following lemma.
Lemma 4. (See [4].) Let c = c(s) be a unit speed curve on an n-dimensional Finsler manifold (M, g). c is a geodesic circle, if and only
if it satisﬁes the following ODE
∇c′∇c′c′ + g
(∇c′c′,∇c′c′)c′ = 0, (4.5)
where, g( , ) denotes scalar product determined by the tangent vector c′ . Moreover if κ1 = g(∇c′c′,∇c′c′) in (4.5) is zero then c is a
geodesic, otherwise c is a circle.
By virtue of (4.5) in local coordinate, differential equation of the geodesic circle is written as follows, cf. [4]
U i ≡ δ
3xi
ds3
+ κ1 dx
i
ds
= 0, (4.6)
where s is the parameter of the arc length.
Let (M, g) be a Finsler manifold. A vector ﬁeld V = (vi(x)) on M is said to be concircular, if the point transformation
induced by V keeps geodesic circles invariant we call V a concircular vector ﬁeld. For this purpose, the Lie derivative along
these ﬂows should leave invariant differential equation of geodesic circles. That is,
LVˆ U i = 0, (4.7)
where, Vˆ is the complete lift of V and U i deﬁned by (4.6) is the vector ﬁeld determining differential equation of a geodesic
circle.
5. A second order differential equation relating to the concircular vector ﬁelds
So far all deﬁnitions of concircular vector ﬁelds on Finsler geometry have been artiﬁcially introduced without any geo-
metric interpretation. In this section we show that every concircular vector ﬁeld on the Finsler manifold (M, g) is conformal.
Next we ﬁnd a suﬃcient condition for a vector ﬁeld on (M, g) to be concircular.
5.1. Lie derivative of U i
In order to obtain a natural deﬁnition for a concircular vector ﬁeld, we are going to compute (4.7) in this section. For an
arbitrary parameter t of the curve c, the Lie derivative of dx
i
dt = yi is zero. Using chain rule for the arc length parameter s
we have LVˆ dx
i
ds = (−LVˆ ln F ) dx
i
ds . On the other hand
LVˆ
(
δ2xi
ds2
)
= LVˆ
(
dxk
ds
∇∂/∂xk
dxi
ds
)
= (−LVˆ ln F )
δ2xi
ds2
+ dx
k
ds
LVˆ
(
∇∂/∂xk
dxi
ds
)
,
where ∇∂/∂xk = ∇δ/δxk + Glk∇∂/∂ yl . By means of interchanging formulas (3.5) and (3.6), we obtain
LVˆ
(
δ2xi
ds2
)
= −2LVˆ (ln F )
δ2xi
ds2
− d(LVˆ ln F )
ds
dxi
ds
+ (LVˆΓ ikl)dx
l
ds
dxk
ds
. (5.1)
With similar process and taking into account Eqs. (3.5) and (3.6) and using (5.1) we obtain
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(
δ3xi
ds3
)
= −3(LVˆ ln F )
δ3xi
ds3
− 3d(LVˆ ln F )
ds
δ2xi
ds2
− d
2(LVˆ ln F )
ds2
dxi
ds
+ 3(LVˆΓ ijl)δ
2x j
ds2
dxl
ds
+ (∇δ/δxk(LVˆΓ ijl))dx
j
ds
dxl
ds
dxk
ds
+ (LVˆ Glk)Cirl δ
2xr
ds2
dxk
ds
+ Grk
(
∂˙r
(LVˆΓ ijl))dx
j
ds
dxl
ds
dxk
ds
+ Grk
(LVˆ C irl)δ
2xl
ds2
dxk
ds
+ CirtGtk
(LVˆΓ rjl)dx
j
ds
dxl
ds
dxk
ds
.
By virtue of (4.6) we obtain
LVˆ U i = 3
(LVˆΓ ijl)δ
2x j
ds2
dxl
ds
+ (∇δ/δxkLVˆΓ ijl)dx
j
ds
dxl
ds
dxk
ds
+ (LVˆ Glk)Cirl δ
2xr
ds2
dxk
ds
+ Grk∂˙r
(LVˆΓ ijl)dx
j
ds
dxl
ds
dxk
ds
+ Grk
(LVˆ C irl)δ
2xl
ds2
dxk
ds
+ CistGtk
(LVˆΓ sjl)dx
j
ds
dxl
ds
dxk
ds
− 3d(LVˆ ln F )
ds
δ2xi
ds2
+
[(LVˆ gkl − 2(LVˆ ln F )gkl)δ
2xk
ds2
δ2xl
ds2
+ 2grs
(LVˆΓ sjl)δ
2xr
ds2
dx j
ds
dxl
ds
− d
2(LVˆ ln F )
ds2
]
dxi
ds
. (5.2)
5.2. Proof of the main theorems
Proof of Theorem 1. Let (M, g) be an n-dimensional Finsler manifold and c := xi(s) an arbitrary geodesic circle on M . Let
V = (vi(x)) be a vector ﬁeld on M which keeps differential equation of geodesic circles invariant. We have to show that V
satisﬁes LVˆ grs = 2ρgrs , where ρ is a real function on M . Contracting Eq. (5.2) with gim dx
m
ds we conclude that the equation
(
gim
(
3LVˆΓ ijl + GrjLVˆ C irl
)+ 2gijLVˆΓ iml + glm∇∂/∂x jLVˆ ln F )δ
2x j
ds2
dxl
ds
dxm
ds
+ (gim(∇δ/δxkLVˆΓ ijl + Grk∂˙r(LVˆΓ ijl))+ gkm∇∂/∂xl∇∂/∂x jLVˆ ln F )dx
j
ds
dxl
ds
dxk
ds
dxm
ds
+ (LVˆ gkl − 2(LVˆ ln F )gkl)δ
2xk
ds2
δ2xl
ds2
= 0,
must be satisﬁed for every value of dx
m
ds and
δ2xi
ds2
, where gim
dxm
ds
δ2xi
ds2
= 0 and gim dxmds dx
i
ds = 1. Consequently, considering the
coeﬃcients of δ
2xk
ds2
δ2xl
ds2
, in two sides of above relation we can conclude
LVˆ gkl = 2ρgkl, (5.3)
where ρ =LVˆ ln F . To complete the proof it remains to show that ρ is a function on M . This purpose can be easily obtained
by partially differentiating Eq. (5.3) with respect to yk and then contracting the resulting equation with yr and using (3.6).
This completes the proof of Theorem 1. 
Proof of Theorem 2. Let (M, g) be an n-dimensional Finsler manifold. To prove this theorem we should ﬁnd all the vector
ﬁelds V = (vi(x)) on M which keep equation of a geodesic circle invariant, that is to say, LVˆ U i = 0. By means of Eqs. (5.2),
(5.3), (4.3), (4.4) and (4.1) together with  j∇kC ijl = 0, Eq. (4.7) becomes
∇∂/∂xkρl
dxk
ds
dxl
ds
dxi
ds
− ∇∂/∂xkρ i
dxk
ds
+ 2FρlC irl
δ2xr
ds2
− 2GrkρsC isr
dxk
ds
= 0. (5.4)
On the other hand we have
Cirl
δ2xr
ds2
= dx
k
ds
(
Cirl∇∂/∂xkr
)
= dx
k
ds
GskC
i
rl
(
δrs − rs
F
+ tCrts
)
= 1
F
GrkC
i
rl
dxk
ds
.
Replacing the last equation in (5.4) we have
(
δir∇∂/∂xkρl − ∇∂/∂xkρ i grl
)
Ar Ak Al = 0,
where we have put Ak := dxkds . This equation holds for any vector ﬁeld Ak , so we obtain
∇ kρl = φgkl, (5.5)∂/∂x
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differential equation in the following form
∇kρl + G jk∇˙ jρl = φgkl. (5.6)
Conversely, assume that Eqs. (5.3) and (5.6) hold well. By reversibility, we obtain (5.4) or equivalently (5.2), which means
that V is a concircular vector ﬁeld on (M, g). Therefor we have the proof of Theorem 2. 
This theorem gives rise to the following deﬁnition of concircular vector ﬁeld on a Finsler manifold.
Deﬁnition 1. Let (M, g) be a Finsler manifold. A vector ﬁeld V = vi(x) ∂
∂xi
on M is said to be concircular if
LVˆ grs = 2ρgrs, and ∇kρl + G jk∇˙ jρl = φgkl.
6. Classiﬁcation of Finsler manifolds admitting a special conformal vector ﬁelds
Let (M, g) be a Finsler manifold. A concircular vector ﬁeld V = vi(x)∂/∂xi on M is said to be C-concircular, if its charac-
teristic function ρ , deﬁned by (5.3) satisﬁes
ρ jC ijk = 0. (6.1)
A conformal vector ﬁeld V = vi(x)∂/∂xi on M , is said to be Concurrent, if there is a constant K such that
∇ jρ i + Kδij = 0,
∇˙ jρ i = 0, (6.2)
where, ρ is the characteristic function deﬁned by (5.3). By means of (6.2) and metric compatibility of Cartan covariant
derivatives we have ∇˙ jρi = 0. As ρi is a function of position alone, (2.2) implies ρiC ijk = 0. Thus every concurrent vector
ﬁeld is a special C-concircular vector ﬁeld for which the function φ in (5.6) is constant.
Finally we use the following theorem in the sequel, in order to get a classiﬁcation of Finsler manifolds admitting a
C-concircular vector ﬁeld.
Theorem A. (See [2].) Let (M, F ) be a connected complete Finsler manifold of dimension n 2. If M admits a non-trivial solution of
∇ jρk = φg jk, (6.3)
where ∇ j is the Cartan horizontal covariant derivative, then depending on the number of critical points of ρ , i.e. zero, one or two
respectively, it is conformal to:
(a) A direct product I × N of an open interval I of the real line and an (n − 1)-dimensional complete Finsler manifold N.
(b) An n-dimensional Euclidean space.
(c) An n-dimensional unit sphere in a Euclidean space.
We recall that a critical point of ρ is a point where the vector ﬁeld ρk vanishes. It can be shown that the number of
critical points of ρ , is equal zero, one or two.
Proof of Theorem 3. Let (M, g) be a connected complete Finsler manifold which admits a non-trivial C-concircular vector
ﬁeld V with characteristic function ρ . By means of (6.1), we have ∇˙ jρl = ρ jC ijk = 0. Thus Eq. (5.6) becomes
∇kρl = φ(x, y)gkl, (6.4)
where φ = ∇kρk . It remains to show that φ(x, y) is a function of x alone. As horizontal derivative in Cartan connection
coincides with that in Chern connection, we can use the Ricci identities given in [3, p. 61]. By horizontal covariant derivative
of (6.4) and using the ﬁrst Ricci identity, we ﬁnd out that φk is proportional to ρk , that is, φk = ψ(x, y)ρk . Next, we
differentiate (6.4) vertically and use second Ricci identity to conclude
(∂˙ jφ)gik − (∂˙kφ)gij = ρr
(−∂˙iΓ rkj + ∂˙iΓ rjk)= 0.
Contracting the above equation with i results
∂˙ jφ = Ψ j, (6.5)
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with  j and using Euler’s theorem we ﬁnd out that ∂φ
∂ yi
= 0, that is, φ is a function on M . So (6.4) becomes
∇kρl = φ(x)gkl. (6.6)
This is the second order differential equation used on Theorem A. Therefore if (M, g) admits a non-homothetic vector ﬁeld,
then there is a non-trivial solution of (6.6). The proof of Theorem 3 is a simple application of Theorem A. 
Since every concurrent vector ﬁeld is a C-concircular vector ﬁeld the classiﬁcation given by Theorem 3 is also true for
the concurrent vector ﬁelds on Finsler spaces.
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